Quantum spin chains with composite spins have been used to approximate conventional chains with higher spins. For instance, a spin 1 (or 3 2 ) chain was sometimes approximated by a chain with two (or three) spin 1 2 's per site. However, little examination has been given as to whether this approximation, effectively assuming the first Hund rule per site, is valid and why. In this paper, the validity of this approximation is investigated numerically. We diagonalize the Hamiltonians of spin chains with a spin 1 and per site. In particular, we find that as the system size increases, an increasingly larger block of consecutive lowest energy states with maximal spin per site is observed, robustly supporting the first Hund rule even though the exclusion principle does not apply and the system does not possess Coulomb repulsion. As for why this approximation works, we show that this effective Hund rule emerges as a plausible consequence when applying to composite spin systems the Lieb-Mattis theorem, which is originally for the ground state of ferrimagnetic and antiferromagnetic spin systems.
Introduction
Quantum spin chain models are suitable for studying interacting quantum many-body systems with strong electron correlations, broken translational symmetry, and quantum fluctuations. One physical problem that is best studied in such models is magnetism [1, 2] ; another example of growing interest in using spin chain models is the study of quantum information transfer and quantum information processing, the core parts of quantum information theory [3] .
Typically a conventional Heisenberg spin chain is described by the Hamiltonian (1) where S i is the spin-s operator at the i th site, positive (negative) J ij denotes antiferromagnetic (ferromagnetic) coupling between spins at sites i and j, and the coupling strength |J ij | generally depends on the separation distance |i -j|. In this study, we assume J ij = J > 0 if i and j are nearest neighbors and 0 otherwise.
For the antiferromagnetic nearest neighbor coupling that we assume, the infinite length limit of the spin 1 2 chain is exactly solvable via the Bethe ansatz [4] or by using the quantum inverse method [5] . However, for chains of higher spins the exact solution is unattainable in the infinite size limit. Very extensive studies have been done both theoretically and experimentally since Haldane [6] [7] [8] pointed out the drastic differences between integer and half-integer spin chains. In the infinite length limit, the energy difference (gap) between the first excited state and the ground state remains finite for an integer spin chain but vanishes for a half-integer spin chain.
For finite size spin-chains, a fairly large number of studies have also been done to investigate different aspects of magnetic materials. These include the fundamental origins of magnetism in metallic ions [9] , impurity effects on chains [10] , boundary effects [11] , and the effect of even-odd number of sites on the eigenpairs of the chain [12] .
In a somewhat different context, there have been earlier studies to approximate a spin 1 (or 3 2 ) chain by a spin-chain with two (or three) spin 1 2 's per site to study different aspects of finite size antiferromagnetic clusters [13] [14] [15] [16] . However, little examination has been given as to whether this approximation, effectively assuming the first Hund rule per site, is valid and why should it work except that replacing one spin M 2 by M spin 1 2 's maps the Hamiltonian into a solvable portion (made of spin 1 2 chains) and interaction portions that some authors [15, 16] treated perturbatively. Evidently, if the multiple spin 1 2 's on the same site interact strongly in a ferromagnetic manner, the spins on the same site would tend to line up and the first Hund rule emerges effectively. What is fascinating, however, is that the first Hund rule persists without any on-site ferromagnetic interaction, not to mention that the spin chains possess neither exclusion principle nor Coulomb repulsion, which are the foundation for the first Hund rule in atoms with multiple electrons. In this paper we investigate numerically the robustness of the first Hund rule in spin chains using chains of even number of sites with both periodic and open boundary condition. In addition to showing numerically that the first Hund rule is more pronounced in the periodic chain than in the open chain, we also provide an explanation for the first Hund rule based on the Lieb-Mattis theorem [17] .
The model
The one-dimensional model we study here originates from [15] . It has N sites, and on each site there are M spin 1 2 written as { S λ } λ = 1 M . The spin 1 2 's on the same site do not interact with one another but each interacts antiferromagnetically with 1 2 spins on the nearest neighboring sites. That is, the Hamiltonian is of the same form as (1) except that S i , the spin on site i, now represents
with λ being the index for spin 1 2 's on a given site. The Hilbert space per site is constructed by taking the tensor product of Mℂ 2 , the Hilbert space of a spin 
where I 2 is the identity matrix of rank 2 and σ a=x,y,z are the two dimensional Pauli matrices.
The spin operator at the ith site acts on the full Hilbert space but non-trivially only on site i. In short we write the ith spin as
where I 2 M is the identity matrix (in 2 M dimension) and S i (M) is the spin operator obtained by taking the tensor product of M spin 1 2 operators, as shown in equations (2) and (3), at the ith site.
Since the Hamiltonian is the sum of the products of spin operators of neighboring sites, H grows exponentially with both M and N; i.e. H ~ D N × D N where D = 2 M is the dimension means that only the high spin state at each site contributes to the lower energy eigenstates. This is the first Hund rule that is observed in atomic and molecular systems except that we do not have Coulomb repulsion or exclusion principle. In 's are aligned to get the maximum spin of s = 1 at each site, agreeing with the first Hund rule.
We have also obtained a similar result when we put three spin 1 2 per site and compared its energy spectrum with that of the conventional one spin 3 2 per site of the same chain length.
Because the Hilbert space per site has increased from 4 to 8 in this case, we only show results for chains, be they open or periodic, with 6 sites and 8 sites. Tables 5 and 6 display respectively the results for periodic and open chains.
The three spin 1 2 's per site model has more degrees of freedom at each site than that of one spin 3 2 per site. In terms of the irreducible representations we have
. So there are two spin 1 2 sectors that emerge and they turn out to have higher energies. (A spin 1 2 site in this case thus can be viewed as an impurity site.) As a result, the lower energy states of the three spin per site.
Lieb and Mattis [17] considered a generic Heisenberg spin system, similar to (1), within which two sublattices A and B can be identified as follows: the spin coupling among spins within the same sublattice is smaller than g 2 (J i(A),j(A) ⩽ g 2 and J i(B),j(B) ⩽ g 2 ) while the coupling between spins in different sublattices is larger than g 2 (J i(A),j(B) ⩾ g 2 ). They worked Duki and Yu Page 6 out the case for g 2 = 0 and then extend it to general g 2 values. For our purpose, however, we only need to consider and review the g 2 = 0 case. it is a linear combination of all basis states yielding S tot z = ℳ with positive coefficients.
However, we can look at H′ from a different perspective. Given that H′ can be written as
, we know its lowest energy state has maximum S A and S B but with
In the context of the M spin 1 2 per site model, this means that all spin 1 2 on the same site must line up to form maximum spin in order to have lowest energy in H′.
That is, the basis set contributing to the lowest energy state of H′ must have spin 
Summary and conclusion
In summary, we considered an antiferromagnetic chain of M spin chains of the same sizes. We find that for the M spin 1 2 per site chain, as the system size increases, its excitation spectrum coincides better with that of the conventional spin
chain. That is, the system displays the first Hund rule robustly despite that the spin chain with M spin 1 2 's per site lacks Coulomb repulsion and exclusion principle, the mechanism for the first Hund rule in atomic and molecular systems. We elucidate this robust Hund rule in spin chains by using the Lieb-Mattis theorem and the smallness of the Haldane gap.
been implicitly assumed/used for decades, no reference was made to the Lieb-Mattis theorem.
Appendix A. Hilbert space decomposition
In this appendix we show how the Hilbert space of M spin 1 2 per site gets decomposed into a direct sum of irreducible representations. Suppose that V is the Hilbert for a single spin 1 2 .
When considering two spin 1 2 on the same site, the direct product space V ⨂ V is described by a second order tensor which can be decomposed into the symmetric and antisymmetric parts. Thus if e n (n = 1, 2) are bases that span V, then any second order tensor in the product space can be written in terms of the product bases that form the irreducible subspaces:
e n ⊗ e n′ = 1 2 (e n ⊗ e n′ + e n′ ⊗ e n ) ⊕ 1 2 (e n ⊗ e n′ − e n′ ⊗ e n ) . This is the same as applying the Clebsch-Gordan formula repeatedly; i.e. if we represent each of the inequivalent irreducible subspaces of dimension l by D (l) , then
where D represents the two dimensional representation for the single spin 
When a subspace, say D (M+1-2l) is chosen for site i, the corresponding spin operator at that site must be of spin
The Hilbert space of the system of N sites is naturally written as 
Appendix B. Relevant details related to the Lieb-Mattis theorem
Let us start with the discussion of the commutation relations among the generic Hamiltonian commutes with S i ⋅ S j provided that l ≠ i and l ≠ j. If l equals i,
due to the antisymmetric nature of the ϵ tensor. Other terms in H have the form S l ⋅ S l′ . We
where the indices l and l′ of ∑ l ≠ l′ ′ do not overlap with i or j. Evidently, the first three terms of (B.3) commute with S i ⋅ S j . However, S l ⋅ ( S i + S j ) and ( S i + S j ) ⋅ S l′ both commute
As an example, one may work out With the transformed Hamiltonian and the defined basis set, if one defines 
.) The realness of K βα along with the
Denote the lowest energy state in the ℳ subspace by ψ with energy E ℳ , we can expand ψ in terms of the complete set ϕ α with amplitude f α
Multiplying both sides by ⟨ϕ α | we obtain
The variational energy of any trial function exceeds E ℳ , unless it is also the lowest energy eigenfunction. LM mentioned that
is a trial wave function with energy E ℳ as well. We shall explicitly illustrate this point before carrying on with the analysis. Let
and we know E ℳ ′ ⩾ E ℳ by definition. (B.12) can be rewritten as
If we multiply both sides of (B.10) by f α * and sum over α, we obtain
(B.14)
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This implies E ℳ ′ = E ℳ and the Schrödinger equation (B.10) satisfied by the eigenstate |ψ′⟩ 
This is possible only when f β ⩾ 0 for all β (or f β ⩽ 0 for all β). We may take the former without loss of generality. In fact, for the type of Hamiltonian we consider, we have f β > 0 for all β. For if one f α = 0, then from (B.16) we have
which is only possible if all |ϕ β ⟩ that can be reached by applying H 1 to |ϕ α ⟩ have f β = 0 (zero amplitude). Then the states can be reached by applying H 1 to those |ϕ β ⟩ having f β = 0 must all have zero amplitude as well. Since for our case, successive application of H 1 eventually covers every basis state in the ℳ subspace, this implies that one must have f β > 0 for all β. Therefore, all amplitudes are positive and nonvanishing, hence E ℳ is nondegenerate in the ℳ subspace. This is because one cannot construct a state orthogonal to |ψ⟩ without some changes of signs. That is, any states orthogonal to |ψ⟩ must have amplitudes of opposite signs, hence not qualified as the lowest energy state (which we known must have positive and nonvanishing amplitude only).
We therefore arrive at the important conclusion of LM. For a system composed of two sublattices, any spin Hamiltonian describable by the general form (1) with nonpositive intrasublattice coupling (J i(A),j(A) ⩽ 0 and J i(B),j(B) ⩽ 0) and nonnegative inter-sublattice 
